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Abstract
Conformal invariance for bosonic strings in time-dependent backgrounds
of graviton, dilaton and Kalb-Ramond field is obtained by imposing Weyl-
beta functions to be homogeneous in time, to all orders in α
′
. This construc-
tion is possible in any target space dimension, as a result of the non-trivial
background configurations. The electromagnetic effects of the antisymmetric
tensor field, when coupled to an Abelian (electromagnetic) gauge field, are
discussed in the framework of a four-dimensional Minkowski Universe, for
concreteness. Non-trivial optical activity is demonstrated, which constitutes
a way of detecting string-inspired axion/dilaton effects in such models.
Introduction. The target-space dynamics of strings, in a first-quantized
framework, is based on equations of motion, involving backgrounds of the
massless degrees of freedom of the string, which are generated by the van-
ishing of the Weyl-invariance beta functions βi of the world sheet non-linear
sigma model. The usual approach consists of seeking for perturbative solu-
tions of the vanishing of these beta functions, truncated at most to second
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order in α
′
. Although such an approach may suffice for a discussion of low-
energy (field-theoretic) effects of strings, non-perturbative (to all orders in
α′) re-summation schemes may be essential, in particular when discussing
effects at the early Universe, or in cases where the string mass scale is suf-
ficiently low, e.g. of the order of a few TeV, as is the case in some of the
modern approaches to string theories.
To this end, an approach to obtaining re-summed in α′ Weyl anomaly
coefficients was proposed in [1], in the case of a time-dependent configuration
of the bosonic string in metric and dilaton backgrounds. This approach,
which is based on a novel functional method on the world-sheet of the string,
leads to homogeneous βi: for each of these, all orders in α
′
are the same power
law in time. This suffices to secure conformal invariance as follows: From
two-loop (in σ-model) and higher, the expressions for the beta functions are
not unique, but can be modified by a set of field redefinitions, i.e. a string
reparametrization [2] which does not affect the physical predictions of the
theory. As a consequence, if all orders in α
′
of βi are homogeneous in time
(same power law (X0)ai), each beta function can be written in the form
βi =
∞∑
n=0
ξin(X
0)ai(α
′
)n = Ai(X0)ai , (1)
where the constant Ai depends on the string parametrization, and can be
set to zero by choosing specific field redefinitions. This cancellation was
explicitly shown at two loops in [1], and arguments have been given that it
can be performed to all orders. It was found in [1] that the effect of this string
reparametrization is to rescale the metric by a constant, and add another
constant to the dilaton, and therefore does not change the time dependence
of the configuration. We note that a string reparametrization, generated by
field redefinitions, corresponds to changing the renormalization scheme for
the calculation of the renormalized energy momentum tensor of the world
sheet sigma model.
The target space corresponding to the configuration found in [1] is a
power law expanding Universe, whose dimension D is not restricted by any
constraint, since the abovementioned non-perturbative conformal invariance
does not involve the vanishing of the tree-level conformal anomaly (D −
26)/6. The power law scale factor becomes a constant, leading to a Minkowski
Universe, for a specific choice of the dilaton amplitude, depending on D.
An extension of the work in [1], involving the antisymmetric tensor was
made in [3] and is based on a similar non-perturbative conformal invari-
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ance, which is different from the traditional approach [4]. We study here
the effect of the antisymmetric tensor in a four-dimensional Minkowski space
time (ref. [3] deals with a linearly expanding space time), in order to take
into account more realistically the observed anisotropy in the propagation of
electromagnetic waves on cosmological distances [5].
Conformal properties. To first order in α
′
, the beta functions for the
bosonic world-sheet σ-model theory in graviton, antisymmetric tensor and
dilaton backgrounds are [2]:
βg(1)µν = Rµν + 2∇µ∇νφ−
1
4
HµρσH
ρσ
ν (2)
βB(1)µν = −
1
2
∇ρHρµν +Hρµν∂ρφ
βφ(1) =
D − 26
6α′
− 1
2
∇2φ+ ∂ρφ∂ρφ− 1
24
HµνρH
µνρ
Exploiting the consistency of our conformal-invariant solutions to any target-
space dimension [1], we will restrict our study to four space-time dimensions,
where we do not need any compactification procedure or confinement on a
three-spatial-dimensional brane. The most general time-dependent three-
form H is then
Hρµν(X
0) = (X0)mερµνσ(X
0)∂σ
(
3∑
i=1
hiX
i
)
, (3)
where hi are constants and m is a power to be fixed later on. This expression
defines a four-dimensional pseudoscalar axion field b =
∑3
i=1 hiX
i, in the
notation of [6].
The metric is chosen as
gµν = diag
(
κ(X0), τ1(X
0), τ1(X
0), τ3(X
0)
)
, (4)
and since ε0123 =
√
| g(X0) |, we have
H0ij(X
0) = (X0)m
√
|κ(X0)τi(X0)τj(X0)τk(X0)| hkǫijk
τk(X0)
, (5)
where ǫijk = 1 is totally antisymmetric and ǫ123 = 1. It was already found in
[1] that, in order to have homogeneous beta functions βg00 and β
φ, one needs
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the following power laws
dφ(X0)
dX0
=
φ0
X0
,
κ(X0) =
κ0
(X0)2
. (6)
From the first of the above equations, it becomes evident that the dilaton
has a logarithmic dependence on the time X0,
φ = constant + φ0 lnX
0 (7)
In view of this, the antisymmetric tensor form (3) becomes
Hρµν(X
0) ∝ e mφ0 φ(X0)ερµνσ(X0)∂σb, (8)
which shows a more familiar form, depending exponentially on the dilaton,
appearing in standard string theory works [6, 4]. In order to get homogeneous
beta functions, the other components of the metric also need to be power
laws, and we write:
τi(X
0) =
−κ0
(X0)ni
. (9)
The antisymmetric three-form is then H0ij = −κ0hk(X0)m−1+(nk−ni−nj)/2ǫijk,
and the expressions for the one-loop beta functions are (no summation over
space indices)
β
g(1)
00 =
−1
4(X0)2
3∑
i=1
n2i −
1
2
3∑
i=1
h2i (X
0)2m+ni−2
β
g(1)
ii =
ni
4(X0)ni
[
4φ0 +
3∑
i=1
ni
]
+
1
2
3∑
j=1
h2j(X
0)2m+nj−ni
β
g(1)
ij = −
1
2
hihj(X
0)2m
β
B(1)
ij = ǫijk hk(X
0)−(
ni
2
+
nj
2
−
nk
2
−m)
[
ni
4
+
nj
4
− nk
4
− m
2
+ φ0
]
βφ(1) = − 11
3α′
+
φ0
4κ0
[
4φ0 +
3∑
i=1
ni
]
−
3∑
i=1
h2i
4κ0
(X0)2m+ni (10)
In order for these one-loop beta functions to be homogeneous, it is necessary
and sufficient to satisfy the constraints
2m+ ni = 0 for those i for which hi 6= 0 , (11)
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Next we give the characteristic terms appearing at second order in α
′
, and
check that the condition (11) is respected.
• for βg00:
R0αβγR
αβγ
0 =
1
16κ0
(X0)−2
3∑
i=1
n4i
RαβρσH0αβH0ρσ = − 1
4κ0
3∑
i,j,k=1
h2kninj(X
0)2m−2+nk
Hρσ0H
σαβHρβγH
γ
α0 =
2
κ0
(X0)4m−2
3∑
i,j,k=1
h2i (X
0)ni
3∑
l=1
h2l (X
0)nl
∇0Hαβγ∇0Hαβγ = 1
2κ0
3∑
i,j,k=1
h2k (ni + nj − nk − 2m)2 (X0)2m+nk−2
• for βgii (no summation on i):
RiαβγR
αβγ
i = −
1
8κ0
(X0)−nin2i
3∑
k=1
n2k
• for βgij, with i 6= j:
RαβρσHiαβHjρσ =
n2k
2κ0
hihj(X
0)2m
HρσiH
σαβHρβγH
γ
αj = −
8
κ0
(X0)4mhihj
3∑
l=1
h2l (X
0)nl
• for βBij , with i 6= j 6= k:
Riγαβ∇γHαβj = −
n2i hk
8κ0
(ni + nj − nk − 2m)(X0)−(ni+nj−nk−2m)/2
∇γHαβiH αjρ Hβγρ =
1
2κ0
(ni + nj − nk − 2m)
[
h3k(X
0)(−ni−nj+3nk+6m)/2
+hkh
2
i (X
0)(ni−nj+nk+6m)/2
]
+
1
2
(ni − nj + nk − 2m)hkh2j(X0)(−ni+nj+nk+6m)/2
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• for βφ:
(
HαβγH
αβγ
)2
=
36
κ20
3∑
i=1
h4i (X
0)4m+2ni
RλµνρR
λµνρ =
1
16κ20
3∑
i,j=1
n2i (2n
2
i + n
2
j)
H µαβ H
αβν∇µ∇νφ = φ0
κ20

 3∑
i,j=1
nih
2
j (X
0)2m+nj


RαβρσHαβλH
λ
ρσ = −
1
2κ20

 3∑
i,j,k=1
ni(ni + nj)h
2
k(X
0)2m+nk


H µαβ H
αβνHγδµH
γδ
ν =
4
κ20
(X0)4m
[
3∑
i,j=1
h2ih
2
j(X
0)ni+nj
+
3, i 6=j∑
i,j=1
h2i [3h
2
i (X
0)2ni + 4h2j(X
0)ni+nj ]
]
∇λHαβγ∇λHαβγ = 3
2κ20
3∑
i,j,k=1
h2k (ni + nj − nk − 2m)2 (X0)2m+nk
As can be seen from the above expressions, the two-loop beta functions do
not provide any additional constraints over the ones found at one loop (11).
Also, higher orders of the beta functions will not bring additional constraints,
as can be seen by power counting: whatever power of the Riemann or Ricci
tensor we consider, multiplied by derivatives of the dilaton and/or the three-
form field, contracting the space-time indices with the metric or its inverse
always leads to the expected power of X0. As explained in the introduc-
tion, conformal invariance is then satisfied for any non-vanishing value of the
amplitude φ0, and for any power m.
Cosmological Properties. The string frame metric gµν(X
0) is related to
the Einstein frame metric gEµν(t) by [6]
gEµν(t)dx
µdxν = exp
{
−2φ(x0)
}
gµν(x
0)dxµdxν , (12)
where xµ denotes the zero mode of Xµ and t is the cosmic time, such that
dt2 −
3∑
i=1
a2i (t)(dx
i)2 = (x0)−2φ0κ0


(
dx0
x0
)2
−
3∑
i=1
(dxi)2
(x0)ni

 , (13)
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where ai(t) are the scale factors. Using the identity (13), we find the following
relation between the cosmic time t and the coordinate x0:
t =
√
κ0
|φ0| (x
0)−φ0 . (14)
In the rest of the paper we concentrate, for concreteness, on the case where
h1 = h2 = 0, h3 = h 6= 0 and take n1 = n2 = n. The configuration leading
to homogeneous beta functions is, in the string frame,
gµν(X
0) = κ0 diag((X
0)−2,−(X0)−n,−(X0)−n,−(X0)2m)
H012(X
0) = −κ0h(X0)−1−n
φ(X0) = φ0 ln(X
0). (15)
From eqs.(13) and (14), the scale factors in the Einstein frame read then
a1(t) = a2(t) = a0 t
1+n/(2φ0)
a3(t) = a˜0 t
1−m/φ0 (16)
where a0, a˜0 are constants, and the corresponding target space is a power-law
expanding Universe. Note that the case studied in [3] is more restrictive, since
it was done for m = 0 only, which lead necessarily to a linearly expanding
Universe along the x3-direction . In the present case we are able to discuss
homogeneous and isotropic solutions (16), by choosing appropriate values for
n,m and φ0.
Coupling to the Electromagnetic field. We couple the massless excita-
tions of the string to a U(1) gauge field by the introduction of the following
modified three-form field strength H˜ρµν [7]:
H˜ρµν = Hρµν +
1
M
A[ρFµν], (17)
where M has units of a mass scale. In our approach it can be equated [3] to
the string mass scale Ms = (α
′)−1/2. We concentrate here on the case where
m = φ0 = −1 and n = 2, leading to a four-dimensional Minkowski Universe.
Indeed, on rescaling the space coordinates by a0, a˜0 and time by
√
κ0, we
obtain from eqs.(14,15,16) the following configuration
gEµν = ηµν
H012(t) = −κ0h
t3
φ(t) = − ln t. (18)
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The effective action in the Einstein frame is then [8]:
Seff = −
∫
d4x
√
|g|
{
44
3α′
e2φ +R− 2∂µφ∂µφ
−e
−4φ
12
H˜ρµνH˜
ρµν − e
−2φ
4
FµνF
µν
}
, (19)
where the coordinates xµ are dimensionless, as they are rescaled by
√
α′ .
Note that the first term in the effective action (19), − 44
3α′
e2φ = 2(D−26)
3α′
e2φ is
due to the non-critical dimension and from a low-energy observer represents
a target-space vacuum contribution. Notice that for sub-critical-dimension
strings (as is the case of our four-dimensional configuration), the dark energy
contribution is negative (anti-de-Sitter) type, relative to the Einstein curva-
ture term. This could imply troubles for the phenomenology of the model,
unless this negative contribution to the vacuum energy is compensated by
other terms in the effective action. This issue is not resolved in the current
paper, although it should be noted that the time-dependent dilaton implies
that this vacuum energy decays as exp(2φ) = 1/t2.
The presence of a time-dependent dilaton implies a a cosmic-time-dependent
fine structure constant [9], and the phenomenology of the latter was already
discussed in [3]. Indeed, plugging the configuration (18) in the low energy
effective action (19) we find that the relevant effective action for the gauge
field is
Sgauge =
∫
dtd~x
{
−t
2
4
FµνF
µν + ǫtA[0F12]
}
, (20)
where ǫ = κ0h/Ms and terms of order 1/M
2
s have been ignored.
The equations of motion for the electromagnetic field in the background
(18) read then
~∇ · ~B = 0 (21)
~∇ · ~E = 2ǫ
t
B3
~∇× ~E = −∂t ~B
~∇× ~B = ∂t ~E + 2
t
~E +
ǫ
t
~E⊥ − ǫ
t2
~A⊥,
where ~E⊥ = (−E2, E1, 0) and ~A⊥ = (−A2, A1, 0). Note that the gauge
dependence of these equations is due to the gauge fixing in eq.(17), and is
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compensated, during a gauge transformation in the original space time action
(19), by a simultaneous transformation of the Kalb-Ramond field.
We are looking for a plane wave solution of eqs.(21), propagating in the
x3-direction, thus depending on t and x3. Ignoring the terms proportional to
1/t2, and using the complex notation E = E1 + iE2 in the plane (x
1, x2), we
obtain the following equation of motion
E¨− E′′ + 2 + iǫ
t
E˙ = 0, (22)
where a dot represents a time derivative and a prime represents a space
derivative. It can be easily seen that the ansatz E = E0t
a cos(t− x3), where
E0 and a are complex constants, satisfies equation (22) for a = −1 − iε/2,
up to terms of higher order in 1/t, which are neglected in our approach. In
this approximation, the solution is then
E =
E0
t
exp
(
−i ǫ
2
ln t
)
cos(t− x3). (23)
Due to the extra time-dependence induced by the dilaton and axion (com-
pared to the usual plane wave solution of Maxwell’s equations), the magnetic
field B is in principal not perpendicular to the electric field. But the compo-
nent of B in the direction of E is of higher order in 1/t, which is neglected
in our approximation. Indeed, from the modified Maxwell’s equations (21),
we obtain
B = iE0 exp
(
−i ǫ
2
ln t
)(
−cos(t− x
3)
t
+
sin(t− x3)
t2
)
− ε
2t2
E0 exp
(
−i ǫ
2
ln t
)
sin(t− x3)
= −iE+O(1/t2), (24)
such that, in our approximation, electric and magnetic fields are perpendic-
ular.
One can identify the roles of the dilaton and the antisymmetric tensor in
the solution (23): the dilaton leads to an amplitude decreasing as 1/t, while
the Kalb-Ramond field implies a polarization angle varying logarithmically
with the cosmic time:
∆(t) = |arg(E)− arg(E⋆)| = ǫ ln t, ǫ = κ0h/Ms, (25)
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where t can be seen as the time interval between emission and observation
of the electromagnetic waves. Notice that the antisymmetric tensor field is
responsible for the optical activity ∆(t) even in a Minkowski background, as
is our case here. We notice that the result (25) is identical to that for the
optical activity in the cosmically anisotropic situation considered in [3], where
the x3-direction of the Universe was expanding linearly in time. Because
of the Minkowski situation, the time interval must be assumed sufficiently
small in a cosmic scale, so as global curvature effects are ignored when one is
discussing the relevant phenomenology in order to constrain the characteristic
parameter ǫ.
In this respect, it is interesting to compare our results on the optical ac-
tivity (25), stemming from the non-perturbative in α′ four-dimensional back-
ground configuration (15), with higher-dimensional situations in other string-
or brane- inspired scenarios, such as the Randall-Sundrum model [7]. There,
the case of axion-induced optical activity in (compactified) four-dimensional
Minkowski brane worlds was considered, among other examples. For rela-
tively small time scales, the optical activity was found to be proportional
to the comsic time interval from emission till observation of the wave. In
contrast, in our case this dependence is logarithmic, as a consequence of the
power-law configurations we need, in order to satisfy conformal invariance in
a non-perturbative way.
In realistic situations, the cosmic curvature has to be taken into account
by considering the case of a proper isotropic Robertson-Walker (RW) back-
ground of an expanding Universe, with dark energy contributions. However,
formally, to incorporate such backgrounds in our non-perturbative framework
is not a trivial task. So far [1] we have only derived power-law expanding
Universes, with non trivial dilatons. Such Universes are characterized (per-
turbatively in α′) by a relaxing to zero dark energy, due to the non-trivial
dilaton potential terms (arising from the D−26 non-critical contributions to
the target-space effective action and/or from string loops [6, 10, 11]. How-
ever, the α′-non-perturbative situation within our framework is still to be
worked out. One, of course, may do preliminary phenomenological studies of
the antisymmetric-tensor-induced optical effects by assuming that the effects
of the antisymmetric-tensor field on the cosmic background are negligible, as
was done in [7], and discuss the optical activity in such scenarios. However,
within our α′-non-perturbative homogeneous in time situation (15), such an
assumption is most likely invalid, and one needs to understand the emergence
of RW cosmology in the presence of antisymmetric tensors and dilaton fields
10
in a self consistent way. This is in progress.
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